The Chain Rule

@ Back in Calculus |, we used the Chain Rule to compute derivatives of
composite functions.
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9 g(£(9) = 8'(F () ().

Primarily, the Chain Rule allows us to compute derivatives of
functions that implicitly depend upon a variable t — often time.
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The Chain Rule

@ Back in Calculus |, we used the Chain Rule to compute derivatives of
composite functions. Explicitly, the Chain Rule says that

9 g(£(9) = 8'(F () ().

Primarily, the Chain Rule allows us to compute derivatives of
functions that implicitly depend upon a variable t — often time.
Essentially, if x = f(t) is a differentiable function of time, then
g(x) = g(f(t)) is a differentiable function of time such that

d _ dg dx

9800 = 2 g(F() = £(F(1) - F (1) = £ ()- (1) = B
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The Chain Rule

@ Of course, we can generalize this idea to functions of several
variables, each of which depends implicitly on another variable t.
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The Chain Rule

@ Of course, we can generalize this idea to functions of several
variables, each of which depends implicitly on another variable t.
Explicitly, given differentiable functions x = g(t) and y = h(t),
z=1f(x,y) = f(x(t),y(t)) is a differentiable function of t with

0z Ozdx Ozdy

9t oxdt oydt

MATH 127 (Section 14.6) The Chain Rule The University of Kansas 2/9



The Chain Rule

@ Of course, we can generalize this idea to functions of several
variables, each of which depends implicitly on another variable t.
Explicitly, given differentiable functions x = g(t) and y = h(t),
z=1f(x,y) = f(x(t),y(t)) is a differentiable function of t with

0z Ozdx Ozdy

9t oxdt oydt

@ We note that this formula is specific neither to the number of

variables xi, ..., x, upon which the function f depends nor the
number of implicit variables ti, ..., tx upon which those x; variables
depend.
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The Chain Rule

@ Of course, we can generalize this idea to functions of several
variables, each of which depends implicitly on another variable t.
Explicitly, given differentiable functions x = g(t) and y = h(t),
z=1f(x,y) = f(x(t),y(t)) is a differentiable function of t with

0z Ozdx Ozdy

9t oxdt oydt

@ We note that this formula is specific neither to the number of
variables xi, ..., x, upon which the function f depends nor the
number of implicit variables ti, ..., tx upon which those x; variables
depend. Ultimately, the recipe is always given by

O ~Ofdx _ 0f .  Of Ox,

o~ Zoxoy ooy | ooy
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6.
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6. Explicitly, we compute

X
— = cos#f,
or
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6. Explicitly, we compute

ox

X .
5 = cosf, 20 = —rsind,
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6. Explicitly, we compute

ox

X _ . Oy _ .
E—cosﬁ, 20 = rsiné, 8r—sm0,
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6. Explicitly, we compute

Ox oy

X B . Oy _ . Oy _
E—cosﬁ, 90— rsiné, 8r—sm0, ae—rcose,
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The Chain Rule

e Consider the function f(x,y). We can take the partial derivatives of f
in terms of polar coordinates (r,#) since x = rcosf and y = rsin6
are both differentiable functions of r and 6. Explicitly, we compute

ox ox ) dy . Oy _

E—cosﬁ, 90— rsiné, 8r—sm0, ae—rcose,
of ofox  Ofdy . xbe+yfy
E—aa—i—aa—fxcos@%—fyynH_ —X2+y2 and
of 0f0x  Of Oy .
%Z&%-F@%:—r5|n9fx+rcos«9fy:—yfx—l—xfy.
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The Chain Rule

o Computing derivatives of multivariable functions by the Chain Rule
can be reduced to a relatively simple algorithm. For simplicity, we will
demonstrate the algorithm on f(x,y) = f(x(s, t), y(s, t)).
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The Chain Rule

o Computing derivatives of multivariable functions by the Chain Rule
can be reduced to a relatively simple algorithm. For simplicity, we will
demonstrate the algorithm on f(x,y) = f(x(s, t), y(s, t)).

@ Compute the partials of f with respect to x and y.
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The Chain Rule

o Computing derivatives of multivariable functions by the Chain Rule
can be reduced to a relatively simple algorithm. For simplicity, we will
demonstrate the algorithm on f(x,y) = f(x(s, t), y(s, t)).

@ Compute the partials of f with respect to x and y.

@ Compute the partials of x and y with respect to s.

f f f
© By the Chain Rule, we have that % = %% + %y%
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The Chain Rule

o Computing derivatives of multivariable functions by the Chain Rule
can be reduced to a relatively simple algorithm. For simplicity, we will
demonstrate the algorithm on f(x,y) = f(x(s, t), y(s, t)).

@ Compute the partials of f with respect to x and y.

@ Compute the partials of x and y with respect to s.

f f f
© By the Chain Rule, we have that % = %% + %y%

@ Compute the partials of x and y with respect to t.

. of _0f Ox = Of Oy
© By the Chain Rule, we have that 5 = 9% Bt + 87)/&
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The Chain Rule
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥

@ Compute the partials of f with respect to x, y, and z.
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥

@ Compute the partials of f with respect to x, y, and z.

of of

Xxyz

= yze¥?, — e, —
ox vz Ay 0z

= xye’”*
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥
@ Compute the partials of f with respect to x, y, and z.

of of

Xxyz

= yze¥?, — e, —
ox vz Ay 0z

= xye’”*

@ Compute the partials of x, y, and z with respect to t.
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥

@ Compute the partials of f with respect to x, y, and z.

of . of .
aqT oar or
ax " Oy " Oz

= xye’”*

@ Compute the partials of x, y, and z with respect to t.

ox oy 0z
=2t s, 9

9t %t T 1
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥

@ Compute the partials of f with respect to x, y, and z.

of of

Xxyz

= yze¥?, — e, —
ox vz Ay 0z

= xye’”*

@ Compute the partials of x, y, and z with respect to t.

ox oy 0z
a—2t, E—S, E—
Of _0fox ooy  ofoz
ot Ox 0t Oy ot 0z Ot

1

© By the Chain Rule, we have that
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The Chain Rule

e Given that x(s,t) = t2, y(s,t) = st, and z(s,t) = t — s, let us use
the Chain Rule to compute % of f(x,y,z) = ¥

@ Compute the partials of f with respect to x, y, and z.

of . of .
aqT oar or
ax " Oy " Oz

= xye’”*

@ Compute the partials of x, y, and z with respect to t.

ox oy 0z
a—2t, E—S, E—

) of 0fox 0fdy Of 0z
© By the Chain Rule, we have that 5 = ox 9t + éTyE + 929t
of

pri e I(st)(t — 5)(2t) + (2)(t — 5)(s) + (£)(st)(1)]

1
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The Chain Rule

e Given differentiable functions x = h(s, t), y = k(s,t), w = f(x,y),
and z = g(x, y), use the table to compute the given derivatives.

ow 0z ox Ox
ox 2 P S
ow 0z dy dy
oy 3 Oy 0s ot
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The Chain Rule

© Compute the value of %(W — z) whenever w = 10 and z = —7.

Dy w0
85W 2_85 Os

_awg Oowdy 0z0x 0zdy

= ox0s Oy ds ox0s 0y 0s
=(2)(-1) + (=3)(=2) = 3)(-1) - (2)(-2)

=-2+6+3+4=11
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The Chain Rule

@ Compute the value of %(tav’l‘/z) whenever w =1 and z = J.

2 o0z ow
2 tanz _ W -sec z- G —tanz- Gy
at w W2

0z0x 0z dy Oow Ox  Ow dy
—(2)3 2222 L TETT ) owox ow oy
. <8x0t+8y6t> ﬁ(ax ot " dy 8t>

— 4(3)(1) + (2)(1)] - V3I(2)(1) + (~3)(~1)] = 4~ 5V3
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