
Arc Length

Given a vector-valued function r(t) = 〈x(t), y(t), z(t)〉 that is
continuously differentiable on [a, b], we have that the length of the
path traced by r(t) on [a, b] is given by

s(b) =

∫ b

a
||r′(t)|| dt =

∫ b

a

√
x ′(t)2 + y ′(t)2 + z ′(t)2 dt.

Generally, we can form the arc length function of r(t) for t ≥ a by

s(t) =

∫ t

a
||r′(u)|| du =

∫ t

a

√
x ′(u)2 + y ′(u)2 + z ′(u)2 du.
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Arc Length and Speed

By definition, speed is the rate of change (with respect to time) of
the distance traveled by an object.

Considering that the distance
traveled at time t ≥ a is precisely the arc length, we have that

speed =
d

dt
s(t) =

d

dt

∫ t

a
||r′(u)|| du = ||r′(t)||

by the Fundamental Theorem of Calculus.
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Arc Length

True (a.) or False (b.)

The arc length of r(t) = 〈cos 3t, sin 3t, 3t〉 on [0, 2π] is 2π
√

18.
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Arc Length Parametrization

Certainly, the parametrization of a curve in space is not unique.

For
instance, one can parametrize the parabola y = x2 via the curve
r1(t) = 〈t, t2〉 by setting x = t or r2(u) = 〈u3, u6〉 by setting x = u3

with speeds ||r′1(t)|| =
√

1 + 4t2 and ||r′2(u)|| = u2
√

9 + 36u6.
Considering that the speeds are distinct, the parametrizations are
distinct, but they both yield the same image in R2.

We say that an arc length parametrization is one for which
s ′(t) = ||r′(t)|| = 1 for all t ≥ a. We think of an arc length
parametrization of a curve as one for which we can walk from point a
to point b at a constant speed of 1 unit per second.
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Arc Length Parametrization

One can find an arc length parametrization in the following way.

1 Consider the arc length function s(t) =
∫ t

a
||r′(u)|| du.

2 Given that ||r′(t)|| > 0 for every t ≥ a, we have that s(t) is a strictly
increasing function, hence we may take its inverse t = g−1(s).

3 Our arc length parametrization will be r̄(s) = r(g−1(s)).

We refer to t = g−1(s) as the arc length parameter.

Further, we say that r(t) is parametrized by arc length for all t ≥ a
whenever we have that ||r′(t)|| = 1 for all t ≥ a.
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Arc Length Parametrization

Computing the Arc Length of a Curve
Choose the arc length parametrization of the curve
r(t) = 〈cos 4t, sin 4t, 3t〉 for all t ≥ 0.

(a.) r̄(s) =
〈

4s√
41
, 4s√

41
, 3s√

41

〉
(c.) r̄(s) =

〈
cos s
2 , sin s2 , s

√
2

2

〉

(b.) r̄(s) =
〈 cos(4s)

2 , sin(4s)2 , s
√
2

2

〉
(d.) r̄(s) =

〈
cos
(
4s
5

)
, sin
(
4s
5

)
, 3s5
〉
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